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Metamaterial effective parameters may exhibit freedom from typical dispersion constraints. For
instance, the emergence of a magnetic response in arrays of split-ring resonators for long wavelengths
cannot be attained in a passive continuous system obeying the Kramers-Kronig relations. We
characterize such freedom by identifying the three possible asymptotes which effective parameters
can approach when analytically continued. Apart from their dispersion freedom, we also demonstrate
that the effective parameters may be redefined in such a way that they have a certain physical
meaning for all frequencies. There exists several possible definitions for the effective permittivity
and permeability whereby this is achieved, thereby giving several possible frequency variations for
high frequencies, while nevertheless converging to the same dispersion for long wavelengths.
PACS numbers: 78.67.Pt, 78.20.Ci, 42.25.Bs, 78.67.Pt, 42.70.-a, 41.20.-q
I. INTRODUCTION
The concept of a metamaterial is a powerful one. Com-
plex electromagnetic systems are treated as simple, ef-
fectively continuous media with effective homogeneous
fields, for which electromagnetic properties unlike those
found in any conventional media may emerge. These
properties are described by effective parameters µeff(ω)
and eff(ω) which represent the effective permeability and
permittivity, respectively, as seen by macroscopic fields
in the long wave limit. Analytic expressions of such pa-
rameters have been derived for several systems, including
arrays of split-ring cylinders [1] in which magnetism is
realized from non-magnetic conductors, and L-C loaded
transmission lines [2] which realize a left handed medium.
In order to examine dispersion properties of metamate-
rial systems it is natural to consider their effective param-
eters in relationship with the Kramers-Kronig relations.
For the permittivity one has
Re (ω) = 1 +
2P
pi
∫ ∞
0
xIm (x)
x2 − ω2 dx (1a)
Im (ω) = −2ωP
pi
∫ ∞
0
Re (x)− 1
x2 − ω2 dx, (1b)
where P represents the principle value. These are derived
under the conditions that the permittivity (ω) → 1 as
ω → ∞ and that (ω) must be analytic for Im ω ≥ 0.
On the basis of causality and other physically reasonable
assumptions, the permittivity of common media is gener-
ally assumed to fulfill these requirements [3, p.332-333],
and hence (1). However, in for example metamaterials
consisting of L-C loaded transmission lines this is not
necessarily the case. The effective parameters for the
particular arrangement of the 1D unit cell displayed in
Fig. 1 with series impedance Z ′(ω) and the shunt admit-
tance Y ′(ω) per unit length are [2]:
eff(ω) = −Y
′
iω
. (2a)
µeff(ω) = −Z
′
iω
(2b)
If the impedance and admittance of the transmission line
are taken to represent common lumped circuit elements
such as inductors YL = −iωL, resistors YR = R or capac-
itors YC = −1/iωC, then it is clear from (2a) that the
asymptotic forms O(eff(ω)) = 1, ω
−1, ω−2 follow upon
analytic continuation for ω →∞. The latter two of these
cases clearly violate the premisses for (1) and hence do
not fulfill the Kramers-Kronig relations.
Z′
Y ′
FIG. 1: Unit cell of a 1D transmission line with series
impedance Z ′(ω) and shunt admittance Y ′(ω) per unit
length.
Equivalent remarks regarding the effective permeabil-
ity of a metamaterial system can be made. It is evident
that (2b) will not obey the Kramers-Kronig relations for
impedances ZR = R and ZC = −1/iωC. This is also the
case for the effective permeability in another well-known
metamaterial system: An array of the split-ring cylin-
ders. The effective parameter as derived by Pendry [1]
takes the form
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2µeff(ω) = 1 +
ω2F
ω20 − ω2 − iωΓ
. (3)
Here F is the volume fraction of the interior of the cylin-
der in the unit cell, ω0 is the resonance frequency deter-
mined by the cylinder radius and capacitance, and Γ is
the response width determined by the conductivity and
cylinder radius [4]. On account of the deviation from
unity of the asymptote of this parameter’s analytic con-
tinuation
µeff(ω)→ 1− F, as ω →∞, (4)
the parameter (3) will not obey the Kramers-Kronig rela-
tions. As a side remark, the bianisotropy of the split-ring
cylinder [5] is avoided while yielding the same response
(3) by a slight modification of the resonator design [6] [7,
Sec. 16-2]. This ensures that the parameter (4) is local
under the constraints discussed further below.
At first glance it might not seem clear that the param-
eter asymptotes of (2) and (3) being unequal to unity
carries any significant practical consequences. However,
on account of their analyticity the behavior at all frequen-
cies, even for high frequencies (where the parameters may
no longer even be physical, see Sec. II B), is important
for how the parameter behaves in the long wavelength
regime. By violating the assumptions of (1) or the K.K.
relation for the permeability function, which are gener-
ally taken to describe the class of possible dispersions in
ordinary media, these metamaterial cases serve as tell-
tale signs of some additional dispersion freedom from or-
dinary dispersion constraints. For instance, it will be
shown in the next section that the characteristic occur-
rence of a magnetic response (3) in an array of split-ring
cylinders made from non-magnetic metals is not possible
in a passive continuous medium obeying the Kramers-
Kronig relations. Hence, questions naturally arise as to
what degree dispersion freedom can be attained in gen-
eral, and what interesting consequences there may be in
metamaterials. The purpose of this paper is to charac-
terize this freedom of the effective parameters in relation
to the constraints set by the Kramers-Kronig relations,
and to explain the origin of their deviation from these.
To this end, the following section deduces the possible
asymptotic forms which are attainable for passive meta-
material systems. These are then used to identify the
space of possible dispersions. Section II B discusses the
origin of the parameter freedom in relation to their pos-
sible loss of physical meaning for large frequencies and
wave numbers (ω, k). This encourages us to consider al-
ternative definitions of the effective material parameters
in Sec. III: As will be shown, we may attribute another
physical meaning to the parameters which is kept also for
wavelengths outside the long wave limit, which neverthe-
less coincides with the usual meaning of effective perme-
ability or permittivity at low frequencies. Finally, case
examples will be presented which illustrate the findings
of this article.
This paper considers effective parameters µeff(ω) and
eff(ω) that locally relate the fields of macroscopic electro-
magnetism. Since spatially dispersive effects have been
shown to be a general property of metamaterials [8, p.
8] [9], local parameters are only possible for long wave-
lengths, i.e. kd 1, where d represents the characteristic
size of the relevant non-bianisotropic inclusions, and the
wave number k is chosen sufficiently small as to render
such effects negligible. Note that this implies that the
inclusion parameters then must be chosen suitably to en-
sure that the relevant response features fall within this
region: E.g. for the split-ring cylinder array described by
(3) the radius r and capacitance per unit area C must be
tailored so that the resonance wave number k0 = ω0/c
obeys k0r =
√
2/c2pi2µ0Cr  1.
For simplicity, the effective parameters are assumed to
be scalar throughout the paper. We assume an e−iωt
time dependence, meaning that positive imaginary parts
of eff(ω) and µeff(ω) correspond to a dissipation of energy
[10, p. 274] (for frequencies ω in the long wavelength
regime).
II. CHARACTERIZING DISPERSION
FREEDOM
A. Asymptotic forms
This section will identify the set of possible asymptotic
forms which an analytic continuation of the effective pa-
rameters can take. When these are known, it is possible
to characterize the space of possible dispersions in terms
of alternative Kramers-Kronig relations. This space will
be shown to be greater than that encompassed by the
standard dispersion constraints.
In the doctoral thesis of Otto Brune from 1931 [11]
an argument was given which will now be presented here
in an adapted form to show that the only three possible
asymptotic forms consonant with passivity are
O(µeff), O(eff) = 1, ω
−1, or ω−2, as ω →∞, (5)
under the condition that ω remains in the frequency
bandwidth where µeff(ω) and eff(ω) represent effective
permeability and permittivity, respectively. In practical
terms, this means that if the long wavelength regime of
the physical model underlying µeff(ω) or eff(ω) is ex-
tended indefinitely, for instance by reducing the charac-
teristic sizes of the inclusions, then it follows that µeff(ω)
and eff(ω) must take one of the forms given by (5).
For a passive system, the passivity condition (as de-
rived in [10, §80]) when extended to the upper com-
plex half-plane for the permeability of a system becomes
Im ωµ ≥ Im ω [12] (under the assumption of no spatial
dispersion [13]). For our present purposes we observe the
necessary condition that Im ωµ > 0. We consider the
3possible asymptotic forms of µeff(ω) in general by assum-
ing
O(ωµeff) = ω
n, as |ω| → ∞, (6)
where n ∈ Z. Then, by expressing ωn = |ω|n exp(inθ),
one may write
O(Im ωµeff) = |ω|n sin(nθ), as |ω| → ∞. (7)
Now in order that Im ωµeff > 0 for Im ω > 0, it may
be seen from (7) that the values of n are restricted to
n ∈ {−1, 0, 1}, so as to avoid a sign change for θ ∈ [0, pi].
Hence, on the basis of passivity the parameter µeff(ω) can
only have one of the asymptotic forms (5). Equivalent
considerations on eff(ω) give the same result.
In order to characterize the space of possible disper-
sions on the basis of the forms (5), Kramers-Kronig re-
lations generalized to these can be derived by expressing
the effective parameter as
µeff(ω) ≡ a+ µa(ω) (8)
where a = limω→∞ µeff(ω), µa(ω) is square-integrable
and µeff(ω) is analytic for Im ω > 0, and then applying
Cauchy’s integral theorem. From the symmetry property
µeff(−ω) = µ∗eff(ω∗) it follows that the constant a is real.
This gives the following expressions
Re µeff(ω) = a+
2P
pi
∫ ∞
0
xImµa(x)
x2 − ω2 dx (9a)
Im µeff(ω) = −2ωP
pi
∫ ∞
0
Reµa(x)
x2 − ω2 dx. (9b)
Notice that in the event that limω→∞ µeff(ω) = 1, (9a)
and (9b) reduce to the conventional Kramers-Kronig re-
lations (where µa(ω) is set equal to the magnetic suscep-
tibility). Otherwise, they characterize a larger space of
dispersions than the conventional Kramers-Kronig rela-
tions do. We note also that the K.K. relation suggested
for the magnetic permeability by Landau and Lifshitz be-
comes equal to (9a) if the parameter ω1 in [10, p. 283] is
set equal to infinity.
The additional freedom present in metamaterial sys-
tems can be exemplified by applying the generalized
Kramers-Kronig relations (9) to Pendry’s split-ring cylin-
der metamaterial, where the cylinders are made of a non-
magnetic metal, such as aluminum or copper [1]. Upon
applying a time-varying field, induced current flows on
the cylinder surfaces and thereby leads to the emergence
of a magnetic response, which is described by µeff(ω) 6= 1.
At zero frequency, however, only the intrinsic material
properties matter, meaning that µeff(0) = 1. Now, if we
were to search for such emergent magnetism in a con-
tinuous medium which obeys (1), it turns out that we
would necessarily be looking for a gain medium! This
is observed from the analogous K.K. relation of (1a) for
µ(ω) with ω = 0:
Re µ(0) = 1 +
2P
pi
∫ ∞
0
Imµ(x)
x
dx. (10)
The only way to have Re µ(0) = 1 for our system is for the
integral to equal zero, thereby implying that Im µ(ω) < 0
for some frequencies. This makes the freedom in the
metamaterial arrangement explicit: While a continuous
medium would need to display gain in order to have
this property of emergent magnetism, Pendry’s split-ring
cylinder metamaterial achieves this while being passive.
Equation (3) shows that µeff(0) = 1 while Imµeff(ω) ≥ 0
for all positive frequencies. By use of the generalized
Kramers-Kronig relation (9a) where a = 1−F according
to (4) we find
Re µeff(0) = 1− F + 2P
pi
∫ ∞
0
Imµa(x)
x
dx. (11)
Evidently, one need not assume that Im µeff(ω) =
Imµa(ω) < 0 in order that µeff(0) = 1.
B. Origin of freedom
So far we have characterized the dispersion freedom
stemming from the asymptotic forms (5) without giving
any explanation of their origin. An important observa-
tion in this respect, is that the bandwidth of frequencies
for which µeff(ω) and eff(ω) carry the meaning of effec-
tive permeability and effective permittivity, respectively,
under eigenmodal propagation is usually narrow in com-
parison to the range of frequencies for which the con-
stituent materials of the metamaterial have an electro-
magnetic response [10, 14]. This is because we only can
define local effective parameters in the long wavelength
regime kd  1 [8, 9, 15]. When assuming eigenmodal
propagation this naturally also implies restrictions upon
ω. Furthermore, metamaterial models often use the as-
sumption of quasi-static interactions that may become
invalid with increasing ω. Hence the subset in which
eff(ω) and µeff(ω) correspond to the effective permittiv-
ity and permeability, respectively, may be classified as
k ≤ kmax and ω ≤ ωmax, where k-dependence in µeff(ω)
and eff(ω) is for the sake of illustration assumed neg-
ligible below kmax, and ωmax is found according to the
dispersion-relation or according to quasi-static assump-
tions (see Fig. 2).
Since for ω > ωmax the effective parameters µeff(ω)
and eff(ω) do not have any direct correspondence with
the effective permeability and permittivity of the system,
these parameters are not necessarily subjected to ordi-
nary dispersion constraints there. In other words, since
the parameters cease to represent the effective properties
of the medium they need not necessarily comply with the
usual Kramers-Kronig relations or even passivity require-
ments. Since the parameters are analytic, this freedom at
large frequencies also leads to dispersion freedom at low
4k
ω
k = ω
c
ωmax
kmax
FIG. 2: The subset of (ω, k) for which the effective
parameters µeff(ω) and eff(ω) represent the effective
properties of their corresponding systems according to a
suitable homogenization theory (shaded region). The
upper eigenmodal frequency ωmax has here for
simplicity been determined from the intersection
between k = kmax and the line of eigenmodal
propagation in vacuum.
frequencies for which interesting physical consequences
may occur. This is the origin of the freedom that has
been characterized in the previous section.
As a side remark, one should note that source-driven
systems do not in general need to adhere to the disper-
sion relation: Any combination of ω and k is in principle
possible provided one is able to supply the necessary ar-
rangement of sources within the medium [8, 15]. Physical
µeff(ω) and eff(ω) may therefore in principle be defined
for all ω if the medium is source driven to keep k < kmax,
and the parameters are obtained from an appropriate ho-
mogenization procedure [8].
III. PARAMETER DEFINITIONS THAT GIVE
ALTERNATIVE PHYSICAL MEANING FOR ALL
(ω, k)
Following the discussions in Sec. II B, it may be argued
that the form of the frequency variation in µeff(ω) given
by (3) for ω > ωmax is in some sense arbitrary. What if
we therefore were to alter the mathematical expression
of µeff(ω) in such a way that for ω > ωmax one instead
has µeff(ω) → 1 as ω → ∞, while allowing it to (ap-
proximately) keep the response shape (3) for ω < ωmax?
According to the discussion in Sec. II A regarding (10),
such a modified µeff(ω) would obey the conventional K.K.
relations and have Imµeff(ω) < 0 in some region where
ω > ωmax. Thereby, instead of observing dispersion free-
dom as a violation of the conventional K.K. relations,
it is now seen in terms of having Imµeff(ω) < 0 for a
passive system. This therefore constitutes an alternative
way of visualizing the same dispersion freedom that was
discussed in Sec. II A. We shall examine this further in
the first of the following case examples.
A second interesting point may be observed from the
above illustration. It is possible to construct for the ef-
fective parameters eff(ω) and µeff(ω) of a given metama-
terial system a number of different frequency variations
for large ω and k. On this note, we shall in the fol-
lowing show that it is possible and arguably preferable
to redefine the parameters eff(ω) and µeff(ω) in such a
way that their frequency variations have a clear, physical
meaning for all (ω, k). Since the concepts of local per-
mittivity and permeability functions are not extendable
to the entire space (ω, k), this necessarily implies giving
eff(ω) and µeff(ω) other physical meanings that never-
theless coincide with that of effective permittivity and
permeability for ω ≤ ωmax and k ≤ kmax. A general pro-
cedure by which this is ensured shall now be presented
in the case of the effective permeability function µeff(ω)
(an analogous approach may be employed in the case of
eff(ω)), before moving on to two case examples.
We select for the parameter µeff(ω) of an arbitrary
metamaterial, the following definition
Bdav(ω) = µ0µeff(ω)H
d
av(ω) (12)
where
Bdav = µ0H¯ +
1
V
∫
V
M(r)d3r (13a)
Hdav = H¯ +
iω
V
∫
V
r×P(r)
2
d3r (13b)
H¯ =
1
V
∫
V
H(r)e−ik · rd3r. (13c)
Here Bdav(ω) and H
d
av(ω) generally represent the dom-
inant terms of the averaged field expansions according
to the homogenization approach outlined in [8], M(r)
and P(r) represent the microscopic induced magnetiza-
tion and electrical polarization, respectively, and V rep-
resents the volume of the unit cell. Even though the
physical interpretation of the quantities (13) themselves
are not intuitive for ω > ωmax and k > kmax, the concrete
physical meaning of µeff(ω) by (12) is kept for all (ω, k).
This concrete physical meaning is nothing more than a
relationship between Bdav(ω) and H
d
av(ω), which is itself
without any clear physical interpretation for ω > ωmax
and k > kmax. Nevertheless it is helpful to know exactly
what the effective parameter represents there, especially
when the parameters display somewhat odd properties
such as those discussed in Sec. I and Sec. II A. Further-
more, by virtue of (12) the K.K relations of the redefined
parameter will now relate an unambiguous quantity. Al-
though the parameter µeff(ω) no longer represents the
effective permeability of the system in general, its mean-
ing nevertheless coincides with the particular meaning
of effective permeability in the long wave limit k → 0,
according to the homogenization procedure [8].
The above procedure by (12)-(13) is not unique in its
ability to attribute an alternative physical meaning to the
parameter µeff(ω) for all frequencies, however the proce-
dure is quite general.
5A. Split-ring cylinders
Here the definition (12) will be used to give the pa-
rameter µeff(ω) of an array of split-ring cylinders the al-
ternative physical meaning discussed above for all (ω, k).
As shall be shown, a consequence of this redefinition un-
der the assumption of eigenmodal propagation is that
the analytic continuation of the parameter µeff(ω) will
approach unity, instead of 1 − F as is the case for (3).
Thus, the redefinition of the parameter by (12) here suc-
ceeds in redefining the parameter in the manner discussed
at the introduction of this section. Equation (12) will
therefore give a µeff(ω) with a frequency variation which
obeys the conventional K.K. relations, and will display
Im µeff(ω) < 0 for some frequencies while still represent-
ing a passive medium.
In the split-ring cylinder metamaterial, we consider a
polarization where Bdav and H
d
av are parallel to the cylin-
der axes. Thus µeff(ω) is a scalar which according to (12)
may be expressed as the ratio of the field quantities
µeff(ω) =
Bdav(ω)
µ0Hdav(ω)
=
1
1−Mnet/H¯ . (14)
Here we have solved for (13a)-(13c) and inserted them
into (12) under the assumption that the cylinders have
thin walls of a non-magnetic metal, and defined
Mnet(ω) =
F
2pi
∫ 2pi
0
J(r, φ)|r=Rdφ, (15)
which represents the net magnetization density. The con-
stant F represents the volume fraction of the cylinder
in a unit cell and J represents the current per cylinder
length flowing on the cylinders with radius R. Under
the assumption of eigenmodal propagation (k → ω/c as
ω → ∞) one has that Mnet/H¯ → 0 as ω → ∞ on ac-
count of the conductivity of a metal tending to zero here.
From (14) it therefore becomes clear that µeff(ω)→ 1 as
ω → ∞, meaning that it obeys the conventional K.K.-
relations
Re µeff(ω) = 1 +
2P
pi
∫ ∞
0
xIm µeff(x)
x2 − ω2 dx (16a)
Im µeff(ω) = −2ωP
pi
∫ ∞
0
Re µeff(x)− 1
x2 − ω2 dx, (16b)
provided that the resulting µeff(ω) is analytic.
By (16a) evaluated at ω = 0 it is clear that one must
have Im µeff(ω) < 0 for some frequencies when demand-
ing µeff(0) = 1, as discussed in Sec. II A. Thus one
observes that the parameter µeff(ω) found from (14) by
solving for Mnet(ω) is quite different from (3). Both ex-
pressions (3) and (14) must nevertheless coincide in the
limit ω → 0, since they both arise from valid homogeniza-
tion procedures. In fact (14) becomes identical to (3) if
Mnet(ω) is solved under the assumption of quasistatic in-
teractions. As a side remark, herein lies the explanation
of why different frequency variations are permitted for
the effective parameters of a single metamaterial system,
despite the existence of a unique continuation of an ana-
lytic parameter: There exists a variety of possible defini-
tions of µeff(ω) which attain the particular meaning of the
effective permeability in the limit k → 0. Since these will
generally be approximations of the effective permeability
in the long wavelength regime, each definition of µeff(ω)
may exhibit small, perhaps negligible, deviations from
one another here. It follows that each of their respective
continuations to higher frequencies, though unique, may
nevertheless deviate significantly from one another.
We have demonstrated both that the parameter µeff(ω)
for a split-ring cylinder metamaterial may take different
frequency variations for large frequencies and obey dif-
ferent K.K. relations, without actually finding the net
magnetization density Mnet(ω) in (14). Solving Mnet(ω)
for all frequencies poses difficulties beyond the scope of
this article. However, in order to illustrate the findings
discussed above, we shall now pursue a qualitative and
slightly arbitrary approach, while referring the interested
reader to the rigorous method presented for determining
µeff(ω) by (12) and (13) in [8]. If the interaction between
the cylinders is modeled quasi-statically, straightforward
application of Faraday’s law [1, 4] gives for the magneti-
zation density
Mq.s.net (ω) =
ω2H¯F
ω20 − ω2(1− F )− iωΓ
, (17)
where ω0 is the resonance frequency determined by the
cylinder radius and capacitance, and Γ is the response
width determined by the conductivity and cylinder ra-
dius. The asymptote of (17) is erroneous in that it does
not approach zero for infinite frequencies. Rather than
calculate the exact, dynamic Mnet(ω) we instead correct
the asymptote of the quasistatic solution by multiplying
it with a Lorentzian response function with resonance
outside the quasi-static limit ωr  ω0 and width Γm,
according to
Marbnet (ω) = M
q.s.
net (ω)
ω2r
ω2r − ω2 − iωΓm
, (18)
which therefore ensures that the corrected function is
analytic. Although this choice is arbitrary, it neverthe-
less approximates the correct solution for Mnet(ω) in the
quasi-static regime and vacuum limit. Inserting (18) for
Mnet(ω) in (14) thus yields a µeff(ω) which can be verified
to be analytic, and which obeys (16).
Figure 3 compares the frequency variations of µeff(ω)
by (3) in Fig. 3a and by (14) in Fig. 3b. One ob-
serves that both frequency variations are essentially equal
for low frequencies, while differing for larger frequencies
with different asymptotes towards the vacuum limit. For
the intermediate regime one observes a negative value of
Im µeff(ω) in Fig. 3b as predicted by (16), although the
particular plot here does not represent the actual defini-
tion of µeff(ω) by (14) owing to the arbitrary choice we
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(a) The parameter µeff(ω) for the split ring cylinder
arrangement in [1], for a quasi-static model of the fields (3)
where the magnetization is given by (17). This gives the
asymptote µeff(ω)→ 1− F when analytically continued to
high frequencies, assuming a filling factor F = 0.5. Hence
µeff(ω) fulfills the generalized Kramers-Kronig relations (9)
with a = 0.5.
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(b) The parameter µeff(ω) for the same system, now using a
modified magnetization density model Marbnet (ω) according to
(18). This results in µeff(ω)→ 1 as ω →∞, as we expect for
a dynamic model under eigenmodal propagation. Hence
µeff(ω) now fulfills the conventional Kramers-Kronig relations
(1), and as a result displays Im µeff(ω) < 0 for some
frequencies, as implied by (16).
FIG. 3
have made for Mnet(ω) by (18). The definition of µeff(ω)
according to (14) allows us to make sense of what a neg-
ative Im µeff(ω) means: Since it does not occur in the
long wave region, it need not be interpreted to indicate
gain (which would be nonsensical for a passive system),
but represents a phase difference greater than pi between
the quantities Bdav(ω) and H
d
av(ω).
Figure 3 is interesting in reference to the discussion
in Sec. II A regarding the different asymptotic forms (5)
that can be present in a metamaterial. The three asymp-
totic forms discussed there encompass all possible disper-
sions for metamaterials in the long wave limit. Contrary
to the first impression one might get from Fig. 3, the
parameters as given by (3) and (14) in this sense have
the same asymptotic form µeff(ω) → 1 − F . Put more
precisely, if one assumes that the long wavelength regime
is extended indefinitely by e.g. reducing inclusion sizes
so that ωmax → ∞ before we let ω → ∞, both (3) and
(14) would give µeff(ω)→ 1− F . Hence, despite the dif-
ferent asymptotes in Fig. 3a and Fig. 3b for fixed ωmax,
both parameters nevertheless carry the same dispersion
freedom as characterized by (5) which leads to the prop-
erty of emergent magnetism discussed in Sec. II A. This
freedom is however manifested differently: In Fig. 3a one
observes a frequency variation which does not obey the
conventional K.K. relations, while in Fig. 3b one observes
Imµeff(ω) < 0 even though the metamaterial is passive.
B. 1D Bragg stack
This section presents a simpler approach by which an
effective parameter may be redefined to have alternative
physical meaning for all frequencies. We shall consider a
1D Bragg stack under eigenmodal propagation, for which
the solution is straightforward. We choose as our param-
eter neff(ω), which will give the effective refractive index
in the long wave limit. As will be shown, this param-
eter will depend on the z-coordinate along the axis of
periodicity for frequencies outside the long wavelength
regime. Hence, it will be possible to have a large number
of different effective frequency variations for neff(ω) at
large frequencies, each corresponding to different values
of z, which all nevertheless converge to the same disper-
sion in the long wave limit. Some of these may exhibit
Im neff(ω) < 0 for some ω, while others will have only
positive imaginary parts.
d1 d2
n1 n2
x
y
z
FIG. 4: 1D photonic crystal with alternating dielectric
layers where n1 < n2.
Consider the 1D photonic crystal as shown in Fig. 4.
We imagine placing a current sheet at z = 0 in the layer
of lowest refractive index n1 in which the current alter-
nates as Js = J0xˆ (with the harmonic time variation
suppressed). Noting that the resulting fields must be
continuous over the interfaces, it follows that for ω → 0
71 2 3 4 5
x 1010
−2
0
2
4
6
8
10
Refractive Index n
ω
n
 
 
Re n
Im n
(a) The parameter nz,eff(ω) as given by (22) where
z = 5(d1 + d2), i.e. z is chosen within a lower index layer
with index n1 = 1. The higher index layer has n2 = 10 + 0.1i.
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(b) The parameter nz,eff(ω) as given by (22) for the same
photonic crystal, but where z = 5.5(d1 + d2), i.e. z is chosen
within a high index layer with index n2. Notice that
Imneff < 0 for a small bandwidth even though the photonic
crystal is passive. This occurs as a result of a transfer
function G > 1 in (22) through the accumulation of field in
the high index layer.
FIG. 5
the magnetic field approaches that of an effective contin-
uous medium
H = −J0
2
exp(ineffωz/c)yˆ for 0 < z <
d1
2
, (19)
in terms of an effective index of refraction neff. Therefore,
as ω → 0 the transfer function
G ≡ H(z)
H(0+)
, (20)
approaches that of a continuous medium:
G = exp(ineff
ω
c
z). (21)
Motivated by the form of (21) we obtain our definition:
nz,eff(ω) ≡ − ic
ωz
lnG (22)
where G is given by (20). Now our parameter nz,eff(ω)
is in general a quantity proportional to the logarithm of
the transfer function in the medium; a quantity that has
physical meaning for all frequencies. For low frequencies,
this physical meaning coincides with that of the effec-
tive refractive index. The subscript z indicates that the
transfer function evaluated at each value of z yields a dif-
ferent frequency variation. All of these converge to the
same neff(0) as ω → 0, for which the analytic value may
be calculated to be
neff(0) =
√
n21d1 + n
2
2d2
d1 + d2
. (23)
Provided the transfer function G does not have zeros in
the upper complex half-plane, our parameter nz,eff(ω) is
analytic there while having the asymptote nz,eff(ω) →
1, and therefore obeys the conventional Kramers-Kronig
relations.
Figure 5 displays two possible variations as given by
(22) where z is chosen within a layer of the low index
n1 = 1 in Fig. 5a and where z is chosen within a layer of
the higher index n2 = 10 + 0.1i in Fig. 5b. The transfer
function (20) has been calculated by use of the relevant
transfer matrices and boundary conditions. The indexes
n1 and n2 have been assumed constant with respect to
frequency for simplicity. This means that for ω → ∞
one has nz,eff(ω) → n∞ 6= 1. As a side remark, we note
that a similar effective parameter definition for the effec-
tive refractive index with a similar plot as that in Fig.
5a is proposed in [12]. Figures 5a and 5b give slightly
different variations: Fig. 5a has Im nz,eff(ω) ≥ 0 for all
ω, while Fig. 5b displays Im nz,eff(ω) < 0 for a small
bandwidth. This demonstrates that the parameter may
be redefined to give frequency variations both with and
without Im neff(ω) < 0. This corresponds to the mul-
tiple ways in which one may define a physical quantity
that is meaningful for all frequencies, which at the same
time approximates the refractive index of the medium for
small frequencies.
In light of the physical definition of nz,eff(ω), we notice
that the negative imaginary part in Fig. 5b has noth-
ing to do with gain: A negative value of Im nz,eff(ω) in
(22) corresponds to a transfer function greater than unity.
This occurs as a result of a Fabry-Perot interference oc-
curring between the low and high index layers, leading
to a local accumulation of field in the high index layer
where the transfer function is evaluated.
CONCLUSIONS
In this article we have identified examples of meta-
material effective parameters that do not follow con-
ventional dispersion constraints, as represented by the
8Kramers-Kronig relations. This freedom in dispersion
has been characterized through the identification of the
three asymptotes which the analytic continuation of the
effective parameters µeff(ω) and eff(ω) may approach.
The space of possible dispersions in metamaterials have
been identified through generalizing the Kramers-Kronig
relations for the three possible asymptotes. The possibil-
ity of redefining metamaterial parameters so as to achieve
a certain physical meaning for all frequencies has also
been presented. Such an approach may be both aesthet-
ically and practically motivated. Regarding the former
the Kramers-Kronig relations of the redefined parame-
ters generally relate an unambiguous physical quantity.
Regarding the latter, it can be useful to have a clear defi-
nition of what the effective parameters represent for large
frequencies, as in the two case examples considered where
the occurrence of negative imaginary parts in the effec-
tive parameters of two passive metamaterials have been
given an intuitive physical explanation.
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